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Abstract An analytical model is developed to study the surface eﬀects on the vibration behavior
including the natural frequency and the critical ﬂow velocity of ﬂuid-conveying nanotubes embedded
in an elastic medium. The eﬀects of surface elasticity and residual surface stress are accounted
through the surface elasticity model and the Young-Laplace equation. A Winkler-type foundation is
employed to model the interaction of nanotubes and the surrounding medium. The results show that
the surface eﬀects have more prominent inﬂuences on the nature frequency with smaller nanotube
thickness, larger aspect ratio and larger elastic medium constants. Both surface layers and the
elastic medium enhance the stability of nanotubes. This study might be helpful for designing the
ﬂuid-conveying nanotube devices in NEMS and MEMS systems. c© 2012 The Chinese Society of
Theoretical and Applied Mechanics. [doi:10.1063/2.1203111]
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Novel fabrication techniques have opened up new
possibilities for the development of small-scale devices.
One example is the ﬂuid-conveying nanotubes with po-
tential applications in molecular separation and de-
tection, biocatalysis, and drug delivery.1–7 For ﬂuid-
conveying nanotubes, one of the important issues is
to accurately predict the vibration behavior such as
natural frequency and critical ﬂow velocity. Many re-
searchers have studied this issue. Reddy et al.8 obtained
the free vibration of carbon nanotubes using atomistic
simulations and the continuum beam model. Yoon et
al.9,10 studied the inﬂuence of the internal moving ﬂuid
on the free vibration frequency and the structural insta-
bility of carbon nanotubes based on a continuum elas-
tic model. Chang and Lee11 developed the Timoshenko
beam model for the vibration of the ﬂuid-conveying car-
bon nanotubes. Recently, the nonlocal beam model has
been adopted to study the vibration behavior of ﬂuid-
conveying nanotubes. Lee and Chang12 studied the ef-
fects of ﬂuid velocity on the vibration frequency and
mode shape of the ﬂuid-conveying carbon nanotubes.
Wang13 developed an analytical model for the double-
walled carbon nanotubes with conveying ﬂuid using the
theory of nonlocal elasticity.
Unlike the macroscopic counterparts, ﬂuid-
conveying nanotubes would show diﬀerent behavior
due to the large ratio of surface area to volume at
nanoscale. It is believed that surface plays a key role
to accurately predict the vibration behavior of ﬂuid-
conveying nanotubes. Surface eﬀects on the behavior
of nanostructures (e.g., nanobeam and nanoﬁlm) have
been studied extensively.14–23 However, the investiga-
tion of surface eﬀects on ﬂuid-conveying nanotubes is
very limited. Wang24 studied the surface eﬀects on
vibrations of free-standing ﬂuid-conveying nanotubes
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based on the non-local elasticity theory and found
the surface eﬀects with positive elastic constant and
positive residual tension tend to increase the natural
frequency of and critical ﬂow velocity, which is very
useful to design nanoﬂuidic devices. Most applications
will either require ﬂuid-conveying tubes to be on or
embedded in a medium. As far as we know, there
has been no investigation on the ﬂuid-conveying nan-
otubes considering both surface eﬀects and substrate
eﬀects. In this paper, the vibration of ﬂuid-conveying
nanotubes embedded in an elastic medium considering
surface eﬀects including surface elasticity and surface
residual stress is analyzed using a surface elasticity
model and the Young-Laplace equation.
We consider an L-long circular ﬂuid-conveying nan-
otubes with the outer diameter do and inner diameter
di embedded in an elastic medium as shown in Fig. 1.
The nanotube is modeled as a straight and slender beam
and the medium is modeled as a Winkler-type elastic
foundation with the Winkler constant k.25 The ﬂuid in
the tube has a constant velocity U moving from one
end to the other. The surface layer model is employed
to study the ﬂuid-conveying nanotubes with both in-
ner and outer surface layers with negligible thickness
(Fig. 1(b)). It is well known that the eﬀects of surface
elasticity and surface residual stress can be accounted
by the surface elastic model and Young-Laplace equa-
tion, respectively.16,26,27 The surface elasticity increases
the bending rigidity and the additional bending rigidity
can be expressed as24
α =
1
8
πEs(d3i + d
3
o), (1)
where Es is the surface elastic modulus. The sur-
face residual stress induces a distributed transverse load
through the Young-Laplace equations as24,26,27
p(x) = P
∂2w
∂x2
, (2)
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Fig. 1. Schematic diagram of (a) a ﬂuid-conveying nanotube
embedded in an elastic medium; (b) the circular cross section
with surface layers.
where P = 2τ0(di+ do), w denotes the deﬂection of the
nanotube, x is the axial coordinate and τ0 is the surface
residual stress. The dynamic equation of the embed-
ded ﬂuid-conveying nanotube considering surface eﬀects
such as surface elasticity and surface residual stress can
be obtained as24
(EI + α)
∂4w
∂x4
+ (MU2 − P )∂
2w
∂x2
+ 2MU
∂2w
∂x∂τ
+
(m+M)
∂2w
∂τ2
+ kw = 0, (3)
where EI denotes the bending rigidity of the nanotube
without surface eﬀects, M and m are the mass of the
ﬂuid and the nanotube per unit length, respectively,
τ is the time. Introducing wˆ = w/L, xˆ = x/L,
τˆ = [(EI)/(M + m)]1/2τ/L2, uˆ = [M/(EI)]1/2UL,
αˆ = α/(EI), β = M/(M + m), Pˆ = PL2/[π2(EI)],
kˆ = kL4/(EI) and ωˆ = [(M +m)/(EI)]1/2L2ω normal-
izes Eq. (3) as
(1 + αˆ)
∂4wˆ
∂xˆ4
+ (uˆ2 − Pˆ π2)∂
2wˆ
∂xˆ2
+ 2uˆβ1/2
∂2wˆ
∂xˆ∂τˆ
+
∂2wˆ
∂τˆ2
+ kˆwˆ = 0, (4)
where ω is the natural frequency of the nanotube.
The doubly clamped ﬂuid-conveying nanotube is
considered in this paper to demonstrate our approach.
The boundaries at the ends (xˆ = 0, 1) satisfy
∂wˆ(0, τˆ)
∂xˆ
= wˆ(0, τˆ) =
∂wˆ(1, τˆ)
∂xˆ
= wˆ(1, τˆ) = 0. (5)
The solution of Eq. (4) takes the form of
wˆ(xˆ, τˆ) = ϕˆ(xˆ)eiωˆτˆ . (6)
Then Eqs. (4) and (5) become
(1 + αˆ)
d4ϕˆ
dxˆ4
+ (uˆ2 − Pˆ π2)d
2ϕˆ
dxˆ2
+ 2iωˆuˆβ1/2
dϕˆ
dxˆ
+
(kˆ − ωˆ2)ϕˆ = 0, (7)
∂ϕˆ(0)
∂xˆ
= ϕˆ(0) =
∂ϕˆ(1)
∂xˆ
= ϕˆ(1) = 0. (8)
The solution of Eq. (7) can be expressed as
ϕˆ(xˆ) = Ceiγxˆ, (9)
where C is a constant. Substitution of Eq. (9) into
Eq. (7) gives
(1 + αˆ)γ4 − (uˆ2 − Pˆ π2)γ2 − 2γωˆuˆβ1/2 +
(kˆ − ωˆ2) = 0. (10)
The solution of Eq. (7) can be rewritten as
ϕˆ(xˆ) =
4∑
n=1
Cne
iγnxˆ, (11)
where γn (n = 1, 2, 3, 4) are determined by Eq. (10) and
the constants Cn (n = 1, 2, 3, 4) by the boundary condi-
tions Eq. (8). Substituting Eq. (11) into Eq. (8) yields
⎛
⎜⎝
1 1 1 1
γ1 γ2 γ3 γ4
eiγ1 eiγ2 eiγ3 eiγ4
γ1e
iγ1 γ2e
iγ2 γ3e
iγ3 γ4e
iγ4
⎞
⎟⎠
⎛
⎜⎝
C1
C2
C3
C4
⎞
⎟⎠ = 0. (12)
The existence of the non-trivial solution of Eq. (12),
i.e., the determinant of coeﬃcient matrix is equal to
zero, gives the natural frequency ωˆ.
To obtain the critical ﬂow velocity, the terms in-
volving time are set to be zero and we have
(1 + αˆ)
∂4wˆ
∂xˆ4
+ (uˆ2 − Pˆ π2)∂
2wˆ
∂xˆ2
+ kˆwˆ = 0, (13)
with the boundaries
∂wˆ(0)
∂xˆ
= wˆ(0) =
∂wˆ(1)
∂xˆ
= wˆ(1) = 0. (14)
The solution of Eq. (13) takes the form
wˆ = A cos(λ1xˆ) +B sin(λ1xˆ) + C cos(λ2xˆ) +
D sin(λ2xˆ), (15)
where
λ1 =
√√√√√√√
uˆ2 − Pˆ π2
1 + αˆ
+
√√√√( uˆ2 − Pˆ π2
1 + αˆ
)2
− 4kˆ
1 + αˆ
2
,
λ2 =
√√√√√√√
uˆ2 − Pˆ π2
1 + αˆ
−
√√√√( uˆ2 − Pˆ π2
1 + αˆ
)2
− 4kˆ
1 + αˆ
2
.
(16)
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Fig. 2. The normalized natural frequency of the ﬂuid-
conveying nanotube versus the normalized ﬂow velocity.
Substituting Eq. (15) into the boundary condition
Eq. (14), we have[
cos(λ1)− cos(λ2) sin(λ1)− λ1λ3 sin(λ2)
λ2 sin(λ2)− λ1 sin(λ1) λ1(cos(λ1)− cos(λ2))
]
·[
A
B
]
= 0. (17)
The critical ﬂow velocity of the ﬂuid-conveying nan-
otubes can then be obtained by letting the determinant
of the coeﬃcient matrix equal to zero.
Alumina with crystallographic of [1 1 1] is taken
as an example to show the surface eﬀects. We follow
Wang24 to choose E = 70 GPa, ρt = 2700 kg/m
3
(mass density of the tube), Es = 5.188 2 N/m, τ0 =
0.910 8 N/m, ρw = 1000 kg/m
3
(mass density of the
internal water), and di = 20 nm. It should be noted
that the predicted trend of surface eﬀects depends on
the surface properties. The trend may be diﬀerent for
other materials.
Figure 2 shows the normalized natural frequency
of the ﬂuid-conveying nanotube from Eq. (12) versus
the normalized ﬂow velocity for diﬀerent thicknesses
t = (do − di)/2, aspect ratios L/do, and diﬀerent Win-
kler constants kˆ. The normalized natural frequency de-
creases as the ﬂow velocity increases. The natural fre-
quency becomes zero (i.e., the nanotube buckles) when
the ﬂow velocity increases to a critical velocity. It can
be observed that surface eﬀects generally increase the
normalized natural frequency comparing to the counter-
part without surface eﬀects. The thickness has a nega-
tive inﬂuence on the natural frequency, i.e., the smaller
the thickness, the larger the natural frequency. On the
contrary, the aspect ratio and Winkler constant have
opposite inﬂuences, i.e., the larger the aspect ratio and
the stiﬀer the elastic medium, the larger the natural
frequency.
Figure 3 shows the normalized critical ﬂow veloc-
ity of ﬂuid-conveying nanotubes from Eq. (17) as the
function of thickness for diﬀerent elastic medium. The
Fig. 3. The normalized critical ﬂow velocity versus the
thickness of the ﬂuid-conveying nanotube.
length of nanotube is chosen as 20 times as do. It is
found that surface layers and substrate both enhance
the stability of ﬂuid-conveying nanotubes. For exam-
ple, for t = 4 nm, the normalized critical velocity is
6.28 without considering the surface eﬀects, and it in-
creases to 7.66 after considering surface eﬀects but not
substrate eﬀect and 9.73 after considering both surface
and substrate (kˆ = 500) eﬀects. It is also observed that
as the thickness increases, the critical ﬂow velocity de-
creases. For example, the critical velocity increases 62%
of the velocity without surface eﬀects for thickness 1 nm
and kˆ = 0, while it only increases 13% for thickness
8 nm and kˆ = 0.
These results clearly show the underlying physics
of the surface and substrate eﬀects on the dynamic be-
havior of ﬂuid-conveying nanotubes. Surface eﬀects in-
crease the bending rigidity of tube, which makes the
tube more stable and increases the natural frequency
and the critical ﬂow velocity. The substrate has a sim-
ilar eﬀect because it constrains the deformation of the
tube and therefore it makes the tube more stable than
a free one.
In summary, an analytical model is developed to in-
vestigate the surface eﬀects on the vibration behaviors
(e.g. natural frequency and stability) of ﬂuid-conveying
nanotubes embedded in an elastic medium. The results
show that the elastic coeﬃcient of medium, thickness of
nanotubes and aspect ratios have signiﬁcant eﬀects on
the dynamic behaviors of the nanotubes after consider-
ing the surface eﬀects. This article might be helpful for
designing the nanotubes for ﬂuid-conveying applications
embedded in elastic medium in NEMS and MEMS.
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